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Please state correctly any theorem that you use. If an answer is an immediate
consequence of a Theorem, that theorem needs to be proved.

1. Let f, g integrable function on [0, 1]. Define F : [0, 1] × [0, 1] → R by
F (x, y) = f(x) + g(y). Show that F is an integrable function.

2. Let f be an integrable function on the unit cube I = [0, 1]×[0, 1]×[0, 1].
Define F (x, y, z) =

∫∫∫
[0,x]×[0,y]×[0,z]

f(u, v, w) d(u, v, w). Show that F is a

uniformly continuous function on I.

3. Let F : [0, 1] × [0, 1] → R be continuous such that F (1, 0) = −F (0, 1)
and assume that both Fx, Fxy exists and are continuous. Show that∫∫
[0,1]×[0,1]

Fxy = F (1, 1) + F (0, 0).

4. Consider the following set in [0, 1]×[0, 1]×[0, 1]. G = {(0, y, 1) : y ratio-
nal} ∪{(x, y, 1

q
) : x = p/q, p, q relatively prime y rational} ∪{(x, y, 0) :

x, y irrational}. Show that G is a set of content zero.

5. Let {Sn}n≥1 be a sequence of open connected sets in R2 such that
Sn ∩ Sm 6= φ for all n 6= m. Show that S =

⋃
n≥1

Sn is a connected set.

6. Show that P : [0, 1]→ R3 defined by
P (t) = 1

2
(t+
√
t2 + 1, 1

t+
√
t2+1

,
√

2 log (
√
t2 + 1)) is a unit speed parametriza-

tion.

7. Let U be an open set in R3, F = (f1, f2, f3) be a smooth vector field
on U and let f : U → R be a function with continuous 2nd order
derivatives. Derive the formulae, div(∇f) = ∂2f

∂x2 + ∂2f
∂y2 + ∂2f

∂z2 ,

curl(curl F ) = ∇(div F )−∇2(F ).

8. Consider a circle of radius r in the Y Z - plane with center at (0, b, 0).
Show that the area of the Torus obtained by revolving this circle about
the Z-axis is 4π2rb.



9. Let f ∈ C[0, 1] be such that
1∫
0

f dx = 0. Show that there is a sequence

of polynomials {Pn} ⊂ C[0, 1] such that
1∫
0

Pn dx = 0 for all n and

Pn → f uniformly.

10. Let {fn}n≥1 ⊂ C[0, 1] be such that fn(x) ≤ fn+1(x) for all x ∈ [0, 1]
and for all n. Suppose fn(x)→ 0 as n→∞ for all x. Show that there
is a M > 0 such that sup

0≤x≤1
n≥1

|fn(x)| ≤M .


